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CHALLENGE STATISTICS – INTERMEDIATE

Score Distribution %/Problem

Score

Challenge Problem

1

Indim Integers

2

Digital Sums

3

Coin Flips

4

Jogging

5

Folding 
Fractions

6

Crumbling 
Cubes

Did not  
attempt 2% 5% 6% 5% 10% 16%

0 4% 9% 13% 5% 9% 23%

1 11% 9% 13% 22% 11% 13%

2 18% 20% 22% 28% 11% 18%

3 28% 20% 25% 23% 25% 19%

4 37% 37% 21% 17% 34% 10%

Mean 2.9 2.7 2.3 2.3 2.7 1.8

Discrimination 
Factor 0.6 0.7 0.7 0.6 0.8 0.7

Mean Score/School Year/Problem

 Year
Number of  
Students

Mean

Overall
Problem

1 2 3 4 5 6

9 1787 12.9 2.8 2.6 2.2 2.2 2.6 1.6

10 1061 14.5 2.9 2.8 2.4 2.4 2.9 2.0

*ALL 
YEARS 2877 13.6 2.9 2.7 2.3 2.3 2.7 1.8

Please note:* This total includes students who did not provide their school year.

Please note:

The discrimination factor for a particular problem is calculated as follows:

(1)  The students are ranked in regard to their overall scores.

(2)  The mean score for the top 25% of these overall ranked students is calculated for that particular 
problem including no attempts. Call this mean score the ‘mean top score’.

(3)  The mean score for the bottom 25% of these overall ranked students is calculated for that particular 
problem including no attempts. Call this mean score the ‘mean bottom score’.

(4)  The discrimination factor =  mean top score – mean bottom score
	 4

Thus the discrimination factor ranges from 1 to –1.  A problem with a discrimination factor of 0.4 or higher 
is considered to be a good discriminator.
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AUSTRALIAN INTERMEDIATE MATHEMATICS OLYMPIAD2016 Australian Intermediate Mathematics Olympiad - Questions

Time allowed: 4 hours. NO calculators are to be used.

Questions 1 to 8 only require their numerical answers all of which are non-negative integers less than 1000.
Questions 9 and 10 require written solutions which may include proofs.
The bonus marks for the Investigation in Question 10 may be used to determine prize winners.

1. Find the smallest positive integer x such that 12x = 25y2, where y is a positive integer. [2 marks]

2. A 3-digit number in base 7 is also a 3-digit number when written in base 6, but each digit has increased by 1.
What is the largest value which this number can have when written in base 10? [2 marks]

3. A ring of alternating regular pentagons and squares is constructed by continuing this pattern.

How many pentagons will there be in the completed ring? [3 marks]

4. A sequence is formed by the following rules: s1 = 1, s2 = 2 and sn+2 = s2n + s2n+1 for all n ≥ 1.

What is the last digit of the term s200? [3 marks]

5. Sebastien starts with an 11 × 38 grid of white squares and colours some of them black. In each white square,
Sebastien writes down the number of black squares that share an edge with it.

Determine the maximum sum of the numbers that Sebastien could write down. [3 marks]

6. A circle has centre O. A line PQ is tangent to the circle at A with A between P and Q. The line PO is extended
to meet the circle at B so that O is between P and B. � APB = x◦ where x is a positive integer. � BAQ = kx◦

where k is a positive integer. What is the maximum value of k? [4 marks]

7. Let n be the largest positive integer such that n2 + 2016n is a perfect square. Determine the remainder when n is
divided by 1000. [4 marks]

8. Ann and Bob have a large number of sweets which they agree to share according to the following rules. Ann will
take one sweet, then Bob will take two sweets and then, taking turns, each person takes one more sweet than what
the other person just took. When the number of sweets remaining is less than the number that would be taken on
that turn, the last person takes all that are left. To their amazement, when they finish, they each have the same
number of sweets.

They decide to do the sharing again, but this time, they first divide the sweets into two equal piles and then they
repeat the process above with each pile, Ann going first both times. They still finish with the same number of
sweets each.

What is the maximum number of sweets less than 1000 they could have started with? [4 marks]

1
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9. All triangles in the spiral below are right-angled. The spiral is continued anticlockwise.

1

1

1

1

O X0

X1

X2

X3

X4

Prove that X2
0 +X2

1 +X2
2 + · · ·+X2

n = X2
0 ×X2

1 ×X2
2 × · · · ×X2

n. [5 marks]

10. For n ≥ 3, consider 2n points spaced regularly on a circle with alternate points black and white and a point placed
at the centre of the circle.

The points are labelled −n, −n+ 1, . . . , n− 1, n so that:
(a) the sum of the labels on each diameter through three of the points is a constant s, and
(b) the sum of the labels on each black-white-black triple of consecutive points on the circle is also s.

Show that the label on the central point is 0 and s = 0. [5 marks]

Investigation

Show that such a labelling exists if and only if n is even. [3 bonus marks]

2
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AUSTRALIAN INTERMEDIATE MATHEMATICS OLYMPIAD 
SOLUTIONS2016 Australian Intermediate Mathematics Olympiad - Solutions

1. Method 1

We have 22 × 3x = 52y2 where x and y are integers. So 3 divides y2.
Since 3 is prime, 3 divides y.

Hence 3 divides x. Also 25 divides x. So the smallest value of x is 3× 25 = 75.

Method 2

The smallest value of x will occur with the smallest value of y.
Since 12 and 25 are relatively prime, 12 divides y2.

The smallest value of y for which this is possible is y = 6.
So the smallest value of x is (25× 36)/12 = 75.

2. abc7 = (a+ 1)(b+ 1)(c+ 1)6.

This gives 49a+ 7b+ c = 36(a+ 1) + 6(b+ 1) + c+ 1. Simplifying, we get 13a+ b = 43. Remembering that a+ 1
and b+ 1 are less than 6, and therefore a and b are less than 5, the only solution of this equation is a = 3, b = 4.

Hence the number is 34c7 or 45(c+ 1)6. But c+ 1 ≤ 5 so, for the largest such number, c = 4.

Hence the number is 3447 = 179.

3. Method 1

The interior angle of a regular pentagon is 108◦. So the angle inside the ring between a square and a pentagon is
360◦ − 108◦ − 90◦ = 162◦. Thus on the inside of the completed ring we have a regular polygon with n sides whose
interior angle is 162◦.

The interior angle of a regular polygon with n sides is 180◦(n− 2)/n.
So 162n = 180(n− 2) = 180n− 360. Then 18n = 360 and n = 20.

Since half of these sides are from pentagons, the number of pentagons in the completed ring is 10.

Method 2

The interior angle of a regular pentagon is 108◦. So the angle inside the ring between a square and a pentagon is
360◦ − 108◦ − 90◦ = 162◦.

Thus on the inside of the completed ring we have a regular polygon with n sides whose exterior angle is 180◦−162◦ =
18◦. Hence 18n = 360 and n = 20.

Since half of these sides are from pentagons, the number of pentagons in the completed ring is 10.

Method 3

The interior angle of a regular pentagon is 108◦. So the angle inside the ring between a square and a pentagon is
360◦− 108◦− 90◦ = 162◦. Thus on the inside of the completed ring we have a regular polygon whose interior angle
is 162◦.

The bisectors of these interior angles form congruent isosceles triangles on the sides of this polygon. So all these
bisectors meet at a point, O say.

The angle at O in each of these triangles is 180◦ − 162◦ = 18◦. If n is the number of pentagons in the ring, then
18n = 360/2 = 180. So n = 10.

4. Working modulo 10, we can make a sequence of last digits as follows:

1, 2, 5, 9, 6, 7, 5, 4, 1, 7, 0, 9, 1, 2, . . .

Thus the last digits repeat after every 12 terms. Now 200 = 16× 12 + 8. Hence the 200th last digit will the same
as the 8th last digit.

So the last digit of s200 is 4.

3
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5. For each white square, colour in red the edges that are adjacent to black squares. Observe that the sum of the
numbers that Sebastien writes down is the number of red edges.

The number of red edges is bounded above by the number of edges in the 11 × 38 grid that do not lie on the
boundary of the grid. The number of such horizontal edges is 11 × 37, while the number of such vertical edges is
10×38. Therefore, the sum of the numbers that Sebastien writes down is bounded above by 11×37+10×38 = 787.

Now note that this upper bound is obtained by the usual chessboard colouring of the grid. So the maximum sum
of the numbers that Sebastien writes down is 787.

6. Method 1

Draw OA.

O

P A

B

Q
x◦ kx◦

Since OA is perpendicular to PQ, � OAB = 90◦ − kx◦.
Since OA = OB (radii), � OBA = 90◦ − kx◦.

Since � QAB is an exterior angle of �PAB, kx = x+ (90− kx).
Rearranging gives (2k − 1)x = 90.

For maximum k we want 2k − 1 to be the largest odd factor of 90.
Then 2k − 1 = 45 and k = 23.

Method 2

Let C be the other point of intersection of the line PB with the circle.

•O

P A

B

C

Q
x◦ kx◦

By the Tangent-Chord theorem, � ACB = � QAB = kx. Since BC is a diameter, � CAB = 90◦. By the Tangent-
Chord theorem, � PAC = � ABC = 180− 90− kx = 90− kx.

Since � ACB is an exterior angle of �PAC, kx = x+ 90− kx.
Rearranging gives (2k − 1)x = 90.

For maximum k we want 2k − 1 to be the largest odd factor of 90.
Then 2k − 1 = 45 and k = 23.

4
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7. Method 1

If n2 + 2016n = m2, where n and m are positive integers, then m = n + k for some positive integer k. Then
n2 + 2016n = (n + k)2. So 2016n = 2nk + k2, or n = k2/(2016 − 2k). Since both n and k2 are positive, we must
have 2016− 2k > 0, or 2k < 2016. Thus 1 ≤ k ≤ 1007.

As k increases from 1 to 1007, k2 increases and 2016−2k decreases, so n increases. Conversely, as k decreases from
1007 to 1, k2 decreases and 2016 − 2k increases, so n decreases. If we take k = 1007, then n = 10072/2, which is
not an integer. If we take k = 1006, then n = 10062/4 = 5032. So n ≤ 5032.

If k = 1006 and n = 5032, then (n + k)2 = (5032 + 1006)2 = (5032 + 2 × 503)2 = 5032(503 + 2)2 =
5032(5032 + 4 × 503 + 4) = 5032(5032 + 2016) = n2 + 2016n. So n2 + 2016n is indeed a perfect square.
Thus 5032 is the largest value of n such that n2 + 2016n is a perfect square.

Since 5032 = (500+ 3)2 = 5002 +2× 500× 3+ 32 = 250000+ 3000+ 9 = 253009, the remainder when n is divided
by 1000 is 9.

Method 2

If n2 + 2016n = m2, where n and m are positive integers, then m2 = (n+ 1008)2 − 10082.
So 10082 = (n+ 1008 +m)(n+ 1008−m) and both factors are even and positive.
Hence n+ 1008 +m = 10082/(n+ 1008−m) ≤ 10082/2.

Since m increases with n, maximum n occurs when n + 1008 +m is maximum. If n + 1008 +m = 10082/2, then
n+1008−m = 2. Adding these two equations and dividing by 2 gives n+1008 = 5042+1 and n = 5042−1008+1 =
(504− 1)2 = 5032.

If n = 5032, then n2 + 2016n = 5032(5032 + 2016). Now 5032 + 2016 = (504 − 1)2 + 2016 = 5042 + 1008 + 1 =
(504+1)2 = 5052. So n2+2016n is indeed a perfect square. Thus 5032 is the largest value of n such that n2+2016n
is a perfect square.

Since 5032 = (500+ 3)2 = 5002 +2× 500× 3+ 32 = 250000+ 3000+ 9 = 253009, the remainder when n is divided
by 1000 is 9.

Method 3

If n2 + 2016n = m2, where n and m are positive integers, then solving the quadratic for n gives
n = (−2016 +

√
20162 + 4m2)/2 =

√
10082 +m2 − 1008. So 10082 + m2 = k2 for some positive integer k.

Hence (k −m)(k +m) = 10082 and both factors are even and positive. Hence k +m = 10082/(k −m) ≤ 10082/2.

Since m, n, k increase together, maximum n occurs when m+ k is maximum. If k+m = 10082/2, then k−m = 2.
Subtracting these two equations and dividing by 2 gives m = 5042 − 1 and 10082 +m2 = 10082 + (5042 − 1)2 =
4× 5042 +5044 − 2× 5042 +1 = 5044 +2× 5042 +1 = (5042 +1)2. So n = 5042 +1− 2× 504 = (504− 1)2 = 5032.

If n = 5032, then n2 + 2016n = 5032(5032 + 2016). Now 5032 + 2016 = (504 − 1)2 + 2016 = 5042 + 1008 + 1 =
(504+1)2 = 5052. So n2+2016n is indeed a perfect square. Thus 5032 is the largest value of n such that n2+2016n
is a perfect square.

Since 5032 = (500+ 3)2 = 5002 +2× 500× 3+ 32 = 250000+ 3000+ 9 = 253009, the remainder when n is divided
by 1000 is 9.

5
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8. Suppose Ann has the last turn. Let n be the number of turns that Bob has. Then the number of sweets that he
takes is 2 + 4 + 6 + · · ·+ 2n = 2(1 + 2 + · · ·+ n) = n(n+ 1). So the total number of sweets is 2n(n+ 1).

Suppose Bob has the last turn. Let n be the number of turns that Ann has. Then the number of sweets that she
takes is 1 + 3 + 5 + · · ·+ (2n− 1) = n2. So the total number of sweets is 2n2.

So half the number of sweets is n(n+ 1) or n2. Applying the same sharing procedure to half the sweets gives, for
some integer m, one of the following four cases:

1. n(n+ 1) = 2m(m+ 1)
2. n(n+ 1) = 2m2

3. n2 = 2m(m+ 1)
4. n2 = 2m2.

In the first two cases we want n such that n(n+ 1) < 500. So n ≤ 21.

In the first case, since 2 divides m or m+ 1, we also want 4 to divide n(n+ 1). So n ≤ 20.
Since 20× 21 = 420 = 2× 14× 15, the total number of sweets could be 2× 420 = 840.

In the second case 1
2n(n+ 1) is a perfect square. So n < 20.

In the last two cases we look for n so that n2 > 840/2 = 420.
We also want n even and n2 < 500. So n = 22.

In the third case, m(m+ 1) = 1
2 × 222 = 242 but 15× 16 = 240 while 16× 17 = 272.

In the fourth case, m2 = 242 but 242 is not a perfect square.

So the maximum total number of sweets is 840.

9. Method 1

For each large triangle, one leg is Xn. Let Yn be the other leg and let Yn+1 be the hypotenuse. Note that Y1 = X0.

1

Yn

Yn+1

Xn

By Pythagoras,

Y 2
n+1 = X2

n + Y 2
n

= X2
n +X2

n−1 + Y 2
n−1

= X2
n +X2

n−1 +X2
n−2 + Y 2

n−2

= X2
n +X2

n−1 +X2
n−2 + · · ·+X2

1 + Y 2
1

= X2
n +X2

n−1 +X2
n−2 + · · ·+X2

1 +X2
0

The area of the triangle shown is given by
1

2
Yn+1 and by

1

2
XnYn. Using this or similar triangles we have

Yn+1 = Xn × Yn

= Xn ×Xn−1 × Yn−1

= Xn ×Xn−1 ×Xn−2 × Yn−2

= Xn ×Xn−1 ×Xn−2 × · · · ×X1 × Y1

= Xn ×Xn−1 ×Xn−2 × · · · ×X1 ×X0

So
X2

0 +X2
1 +X2

2 + · · ·+X2
n = X2

0 ×X2
1 ×X2

2 × · · · ×X2
n

6
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Method 2

For each large triangle, one leg is Xn. Let Yn−1 be the other leg and let Yn be the hypotenuse. Note that Y0 = X0.

1

Yn−1

Yn

Xn

From similar triangles we have Y1/X1 = X0/1. So Y1 = X0 ×X1.

By Pythagoras, Y 2
1 = X2

0 +X2
1 . So X2

0 +X2
1 = Y 2

1 = X2
0 ×X2

1 .

Assume for some k ≥ 1

Y 2
k = X2

0 +X2
1 +X2

2 + · · ·+X2
k = X2

0 ×X2
1 ×X2

2 × · · · ×X2
k

From similar triangles we have Yk+1/Xk+1 = Yk/1. So Yk+1 = Yk ×Xk+1.

By Pythagoras, Y 2
k+1 = X2

k+1 + Y 2
k . So X2

k+1 + Y 2
k = Y 2

k+1 = Y 2
k ×X2

k+1. Hence

X2
0 +X2

1 +X2
2 + · · ·+X2

k +X2
k+1 = X2

0 ×X2
1 ×X2

2 × · · · ×X2
k ×X2

k+1

By induction,
X2

0 +X2
1 +X2

2 + · · ·+X2
n = X2

0 ×X2
1 ×X2

2 × · · · ×X2
n

for all n ≥ 1.

10. Method 1

Let b and w denote the sum of the labels on all black and white vertices respectively. Let c be the label on the
central vertex. Then

b+ w + c = 0 (1)

Summing the labels over all diameters gives

b+ w + nc = ns (2)

Summing the labels over all black-white-black arcs gives

2b+ w = ns (3)

From (1) and (2),
(n− 1)c = ns (4)

Hence n divides c. Since −n ≤ c ≤ n, c = 0, −n, or n.

Suppose c = ±n. From (2) and (3), b = nc = ±n2.
Since |b| ≤ 1 + 2 + · · ·+ n < n2, we have a contradiction.
So c = 0. From (4), s = 0.

Method 2

Case 1. n is even.

For any label x not at the centre, let x′ denote the label diametrically opposite x. Let the centre have label c.
Then

x+ c+ x′ = s.

If x, y, z are any three consecutive labels where x and z are on black points, then we have

x+ c+ x′ = y + c+ y′ = z + c+ z′ = s.

Adding these yields
x+ y + z + 3c+ x′ + y′ + z′ = 3s.

Since n is even, diametrically opposite points have the same colour. So

x+ y + z = s = x′ + y′ + z′ and s = 3c.

Hence p+ p′ = 2c for any label p on the circle. Since there are n such diametrically opposite pairs, the sum of all
labels on the circle is 2nc.

Since the sum of all the labels is zero, we have 0 = 2nc+ c = c(2n+ 1). Thus c = 0, and s = 3c = 0.

7
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Case 2. n is odd.

We show that the required labelling is impossible. In each of the following diagrams, the arrows indicate the order
in which the labels are either arbitrarily prescribed (x, c, y) or dictated by the given conditions.

If n = 3, we have:

x

c

c+ y − x y

s− c− x

s− c− y s+ x− 2c− y

From the first, last, and fourth last labels, s = x + (s + x − 2c − y) + y = s + 2x − 2c. Hence x = c, which is
disallowed.

If n = 5, we have:

x

c
c+ y − x

y

s− c− x

s− c− y

s+ x− 2c− y

2c− x

s+ x− 3c

2c− y

s+ y − 3c

From the first, last, and fourth last labels, s = x + (s + y − 3c) + (2c − x) = s + y − c. Hence y = c, which is
disallowed.

If n ≥ 7, we have:

x

c

c+ y − x

y
s− c− x

s− c− y

s+ x− 2c− y

2c− x

s+ x− 3c

2c− y

s+ y − 3c

c+ x− y

s+ y − 2c− x

x

The first and last labels are the same, which is disallowed.

8
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Investigation

Since c = 0 = s, for each diameter, the label at one end is the negative of the label at the other end.

Let n be an odd number.

Each diameter is from a black point to a white point.

If n = 3, we have:

a

b c

−a

−c −b

Hence a+ b− c = 0 = a− b+ c. So b = c, which is disallowed.

If n > 3, we have:

−a
−b

−c

−d

a
b

c

d

Hence b+ c+ d = 0 = −a− b− c = a+ b+ c. So a = d, which is disallowed.

So the required labelling does not exist for odd n.

(Alternatively, the argument in Method 2 for odd n could be awarded a bonus mark.)

9
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Now let n be an even number.

We show that a required labelling does exist for n = 2m ≥ 4. It is sufficient to show that n+ 1 consecutive points
on the circle from a black point to a black point can be assigned labels from ±1, ±2, . . . , ±n, so that the absolute
values of the labels are distinct except for the two end labels, and the sum of the labels on each black-white-black
arc is 0. We demonstrate such labellings with a zigzag pattern for clarity. Essentially, with some adjustments at
the ends and in small cases, we try to place the odd labels on the black points, which are at the corners of the
zigzag, and the even labels on the white points in between.

Case 1. m odd.

m = 3

6 2

−5 −6

−1 3 4

m = 5

10

−9

3

−7

2

−10

−1 6 4 5 8

General odd m.

2m

−(2m− 1)

3

−(2m− 3)

5

−(m+ 4)

m− 2

−(m+ 2)

2

−2m

−1

2m− 4

2m− 6

2m− 8 6

4

m

2m− 2

10
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Case 2. m even.

m = 2

1

3

−1

−4 −2

m = 4

8

−7

3

2

−8

−1 4 −5 6

m = 6

12

−11

3

−9

5

2

−12

−1 8 6 4 −7 10

General even m.

2m

−(2m− 1)

3

−(2m− 3)

5

−(m+ 5)

m− 3

−(m+ 3)

m− 1

2

−2m

−1

2m− 4

2m− 6

2m− 8 8

6

4

−(m+ 1)

2m− 2

Thus the required labelling exists if and only if n is even.

Comments

1. The special case m = 2 gives the classical magic square:

1

3

−1

−4 −2 →

3 −2 −1

−4

1 −32

4 →

8 3 4

1

6 27

95

2. It is easy to check that, except for rotations and reflections, there is only one labelling for m = 2. Are the
general labellings given above unique for all m?

3. Method 2 shows that the conclusion of the Problem 10 also holds for non-integer labels provided their sum is 0.

11
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Distribution of Awards/School Year

Year
Number of 
Students

Number of Awards

Prize
High  

Distinction
Distinction Credit Participation

8 576 4 27 81 157 307

9 481 16 53 80 148 184

10 405 18 61 77 127 122

Other 367 3 5 7 65 287

All Years 1829 41 146 245 497 900

Number of Correct Answers Questions 1–8 

Year
Number Correct/Question

1 2 3 4 5 6 7 8

8 449 158 344 222 166 86 56 110

9 413 154 345 241 195 138 72 139

10 328 171 320 225 189 156 54 133

Other 255 61 160 92 61 21 18 42

All Years 1445 544 1169 780 611 401 200 424

Mean Score/Question/School Year

Year
Number of 
Students

Mean Score

Overall MeanQuestion

1–8 9 10

8 576 8.6 1.0 0.3 10.1

9 481 11.5 1.2 0.5 13.1

10 405 12.4 1.3 0.7 14.5

Other 367 6.1 0.2 0.1 6.3

All Years 1829 9.8 1.0 0.4 11.1

AUSTRALIAN INTERMEDIATE MATHEMATICS OLYMPIAD 
STATISTICS


