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1. Determine all triples (p, q, ) of positive integers that satisfy:

(i) ple—r)=q+r,
(ii) p, ¢ and r are prime numbers.

Solution. Let p,q,r be prime, and p(q — ) = ¢+ r. Then

pg—pr=q+r
pg—q=r+pr
glp—1)=rlp+1)
Suppose p = 2. Then ¢ = 3r, so that ¢ is not prime 7.
S p# 2. So pis odd and 802‘])—1 and2‘p+1. Thus, for some k € N we have

p—1=2k
p+1=2k+1)
2kq =2(k+ 1)r
kq=(k+1)r

k(g—r)=r

Now, since 7 is prime, either k=1, q—r=r ork=r,q—7r =1.

If k=1,q—r =r then ¢ = 2r so that ¢ is not prime 4.

S.k=r,q—r =1, and hence ¢ = 3,r = 2, since 2 and 3 are the only consecutive primes.
Now p — 1 =2k =2r =4. Thus p = 5.

So there is only one triple (p, g, r) satisfying the given conditions, namely (p,q,r) = (5,3, 2).

2. Determine all functions f that are defined for all real numbers = # 0, 1, with real numbers
as their values, and which satisfy

f(x)—k%f( ! ):1.

1—=x

Solution. The arguments of f in the given relation are x and 1/(1 — x).
Let the function g(x) = 1/(1 — z). Now observe that

g 1
T —
1—2
g 1 1—=z rz—1 1
— = = =1—- —
1-1/1—-2) 1—-z-1 x x
g 1
— — = I.
1—-(1-1/x)

Taking the domain of g to be R\ {0, 1} ensures both g(z) and g o g(x) are defined.
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The given relation must hold when z is replaced by g(z), and when x is replaced by g o g(x).
So the given relation implies itself and two further relations are satisfied for all x € R\ {0,1}:

1 1
f@) + 5 () = (1)
1 l—z _ /x—-1
f(l—x>+ 2 f( T ): )
z—1 T
f( x >+2(x—1)f(x):1 )
Now let’s arrange to eliminate the terms involving f(g(z)) and f(g o g(x)) from (1)—(3):
21 (1) — (2) + 1;”“’.(3): (2x+ 1;”3 . 2(;3_1)>f(g:):2x—1+ 1;x
Tz 3z —1
Zf(w) T Ty
2Bz —1) 2/, 1
S =" =)
Now we check that this is indeed a solution:
C2Be-1) 1 2/, 1
LHS of (1) = == —"+ 5, 7( 1/(1 —a:))
23z -1 1
:(:;w)+m(3—(1—x))
= W =1=RHS of (1), as required.

Thus, f(z) = (3 — 1/x) is the only function satisfying the given condition.
3. Let ABC be a triangle such that ZACB = 2/ABC, and let D be a point in the interior of
ABC satistying AD = AC' and DB = DC.
Prove that ZBAC' = 3/BAD.
4. Let
p(l’) = 1'2003 + a2002x2002 + (12001.T2001 + -+ CLQI’Q + a1x + ap,
where ag, ay, . .., axpe are integers. Let g(z) = p(x)? — 25.
Prove that there are not more than 2003 distinct integers m such that ¢(m) = 0.

Solution. Assume, for a contradiction, that g(x) has at least 2004 distinct integer zeros.
Then, since

q(z) = p(z)* — 25 = (p(z) - 5) (p(z) + 5),

by the Pigeon Hole Principle, one of p(x) — 5 or p(z) + 5 has at least 1002 distinct integer

Zeros.
Suppose, it is p(x) — 5 that has at least 1002 distinct integer zeros, and let 1002 of those,
possibly more, zeros be x1,x2,...,21002. Then
1002
p(x) =5 =s(z) [[ (= — )
i=1



for some polynomial s(x), by the Factor Theorem. Now, suppose m € Z is not a zero of
p(x) — 5 (such an m exists since p(z) — 5 having degree 2003 has only a finite number of
(integer) zeros). Then s(m) # 0, since m is not a zero of p(x) — 5. Also, s(x) has integer
coefficients, since p(z) and hence p(x) — 5 has integer coefficients, and since p(x) — 5 when
divided by each x — x; leaves a factor with integer coefficients. Thus |s(m)| > 1. Also, none
of the m — x; is zero, since m is not a zero of p(z) — 5. But, since the z; are distinct, so are
the m — x;. Thus, the smallest the product

1002

H(x — ;)

=1

can be is
| —501-—500---—2-—1-1-2---500-501| = 12-2%...501% > 10.

So |p(m) — 5| > 10, and hence by the Triangle Inequality, [p(m)| > 10 — 5 = 5, and so, again,
by the Triangle Inequality, |p(m) + 5| > 5 — 5 = 0, so that p(m) + 5 # 0, i.e. m is also not a
zero of p(z) + 5.

Thus, we have shown that, if p(x) — 5 has at least 1002 distinct zeros, then any integer that
is not a zero of p(x) — 5, is not a zero of p(x) + 5 either. Also, since p(z)+5 = p(z) — 5+ 10,
a zero of p(x) — 5 cannot simultaneously be a zero of p(z) + 5. Thus, all the zeros of ¢(z)
must be zeros of p(x) — 5. But this implies polynomial p(x) — 5, which has degree 2003, has
2004 zeros, which is impossible.

Similarly, if instead p(x) 4+ 5 has at least 1002 distinct zeros, then all the zeros of g(x) must
be zeros of p(z) + 5, leading to the same contradiction.

Thus there are not more than 2003 distinct integers m such that g(m) = 0.

5. After several kilometres of a televised bicycle race along a straight stretch of road on the
Nullarbor, the favourite Andrew pulled well ahead of the rest of the field closely followed
by Brenda and then Chris. For the remainder of the race those three were ahead of the rest
and, although they frequently changed places, at no time were all three abreast. During
the finish a thunderstorm caused the TV signal to drop out, and when it came back on the
race was over. The frustrated viewers only heard that the leading position changed 19 times
while the third position changed 17 times and that Brenda came third.

Who won the race and why?

6. Let AD be a median of AABC. Let point E lie on AD (extended if necessary) such that
CFE 1L AD. Suppose that ZACE = ZABC.

Prove that either AB = AC or ZBAC = 90°.

7. Let ay,as,as, ... be a sequence defined by
(1) a; = 0,
(ii) either a; 1 = a; +1 or a;41 = —a; — 1, for each i > 0.

An example is 0,1,2,3,—4,-3,2, .. ..

a1 +as+---+ay 1 e
Prove that — 2 > —5 for all positive integers n.
n




8. Let S be any sequence of n letters (n > 1) not more than 10 of which are different, e.g.
MATHEMATICIANS or GOOLLLDDMMMMEDALLLLLSYESYESYES.

Prove that each letter of the sequence can be replaced by a single decimal digit such that

(i) different letters are replaced by different digits,
(i) the first letter of the sequence is replaced by a digit other than 0,

(iii) the resulting n-digit number is a multiple of 9.

Solution. Let the resulting n-digit number be N, and let S(N) represent the sum of the
digits of V.

Then (iii) is equivalent to saying N = 0 (mod 9), and hence S(N) = 0 (mod 9), since
S(N) =N (mod 9).

Also, (ii) is irrelevant, since if we have found a solution of the problem ignoring the condition,
we only need to swap the our assignments for 0 and 9 to then also satisfy (ii), since such a
swap does not change the value of S(N) modulo 9.

Let ¢}, be the k™ letter, ¢; the number of occurrences of ¢ in S, and ay, the digit assigned to
L. We may as well assume there are 10 different letters, some of which may occur 0 times.
Thus we must show there is an assignment such that

9
S(N) =) crar=0 (mod 9),
k=0

where for convenience we have numbered the assigned digits from 0, ..., 9.

We will consider various assignments of the digits 0,1,...,9 to ag,a1,...,ag. After making
an “initial” assignment, let @ = ag+ be the aj that has been assigned 9, and its corresponding
frequency ¢ = cp+. We then rotate the values of the other a; among the values 0,...,8, in
this way: 0 — 1,1+ 2, ..., 8 — 0; and note that modulo 9, this is equivalent to adding 1
to each of the assignments 0 to 8, since 9 =0 (mod 9). Let

9
w = Z CLQ
k=0

be the “initial” assignment and let w be the permutation representing the rotation of the
assignments 0,...,8. Then

m(w)= > exlar+1) +ca (mod 9)
k#k>

= chak + Z ¢ (mod 9)
k

kK
=w+n—c (mod?9)

i.e. each rotation of the assignments 0, ..., 8, via 7, adds n — ¢ modulo 9, so that
m'(w) =w +i(n—c¢) (mod 9).

Now consider three cases.



Case 1:

There is k* such that (n —cj,9) = 1. In this case, we assign a = aj =9, ¢ = ¢},
and since (n — ¢}, 9) = 1, there exists a multiplicative inverse = of n — ¢ modulo
9, so that with ¢ = —wz mod 9, we have
'(w) =w +i(n—c) (mod 9)
=0 (mod9)

and hence there is an assignment of the a;, satisfying (i)—(iii).

This reduces the problem to cases where all the ¢, are such that n — ¢; is not coprime to 9,
and hence 3 |n — ¢, (<= n = ¢, (mod 3)) for all k. Hence,

w= Z CLap = Znak (mod 3)
k k

=n(0+1+2+---+9) (mod 3)
=0 (mod 3).

So now we are ready to consider the remaining cases.

Case 2:

Case 3:

n = ¢; (mod 3) for all k, but there is k* such that n —¢j # 0 (mod 9). Again,
we assign a = aj, = 9, ¢ = ¢;, and have after i rotations

m(w) =w+i(n—c¢) (mod9).

But 3| w and 3| (n — ¢), and hence w = 3w’ and n — ¢ = 3d for some w',d € Z.
Now, 9 X (n—c)=3d = 3 X d, and hence there exists a multiplicative inverse
z of d modulo 3, so that with 1 = —w’z mod 3 we have

w' +id=0 (mod 3)
S0=3w +i-3d (mod9)
=w+i(n—c) (mod?9)
=n'(w) (mod 9)

and hence again there is an assignment of the ay satisfying (i)—(iii).

n = ¢, (mod 9) for all k. In this case,

w:chak =
k

I
S
)
ol
=
o}
a
©

n(0+1+2+---+9) (mod9)
=0 (mod9).

and hence any valid assignment of the ay, satisfying (i)—(ii), satisfies (iii).

So in each case we have shown that there is an assignment of digits to the letters of S that
satisfies (1)—(iii).



