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. Determine all pairs (a,b) of real numbers for which the equation z* 4 322 + ax + b = 0 has
three different real solutions that can be arranged in arithmetic progression, i.e. the third
minus the second is equal to the second minus the first.

.Suppose 0 <z <a<y<b<zanda+b+zxz+y+z=2004.

Determine, with proof, the minimum possible value of x + y + z.
Determine, with proof, the maximum possible value of x 4+ y + 2.

. Determine the number of sequences aq, ao, . . ., asgos which are the numbers 1,2, ...,2004 in
some order and satisfy

|CL1—1| = |a2—2| == |6L2004—2004| > 0.

. Let ABC be an equilateral triangle, and let D be a point on AB between A and B. Next,
let £ be a point on AC with DE || BC. Further, Let F' be the midpoint of C'D and G be
the circumcentre of AADE.

Determine the angles of ABFG.

Solution.

We have AABC with D, E on AB, AC, respectively, A
such that DE || BC, G the circumcentre of AADE, and

F the midpoint of C'D.

LADE = ZABC  (corresponding angles, DFE || BC') &
ZA is common

.AADE ~ AABC  (by the AA Rule)

In particular, AADE is equilateral.

.. G is also the incentre and orthocentre of AADE (for

an equilateral triangle, the incentre (intersection of the
medians), orthocentre (intersection of the altitudes) and
circumcentre (intersection of the perpendicular bisectors

of the sides) all coincide).

. AG bisects ZDAE. So ZBAG = ZDAG = - 60° = 30°.
Let H be the midpoint of AC. Then
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Now BH is the perpendicular bisector of AC' (since for an equilateral triangle the medians

coincide with the altitudes).

Let X be the midpoint of AD. Then ZAXG = 90°, and so AAXG has angles 30°,90°, 60°

2. ZBHC =90°
/BHF =/BHC - ZFHC
= 90° — 60° = 30°

at LA, ZX, /G, respectively. So AAXG ~ ABHA, by the AA Rule.
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/BAG = /BHF = 30°
.. ABAG ~ ABHF (by the SAS Similarity Rule)

. /LABG = /ZHBF
.. ZGBF = ZABH = 30°

BF BH )
% = ﬂ (Slnce ABAG ~ ABHF)
" ABFG ~ ABHA (by the SAS Similarity Rule)

So ABH A has angles 30°,90°,60° at /B, /H, /A, respectively.

5. Determine all non-negative integers m,n for which 6™ + 2" + 2 is a perfect square.

Solution. Let f(m,n) = 6™ + 2" + 2 = r2, where m,n,r € NU {0}. Consider the following

cases:
Case 1:

Case 2:

Case 3:

Case 4:

m = 0. Here f(m,n) = 6% +2" +2 = 2" + 3.

Now a perfect square cannot be congruent to 3 modulo 4

(since z =0,1,2,3 (mod 4) = 2 =0,1,0,1 (mod 4), respectively).

Hence, n # 2.

For n = 0, we have f(0,0) = 6° + 2 +2 = 4 = 22, is a perfect square.

For n = 1, we have f(0,1) = 6° + 2! +2 = 5, is not a perfect square.

m > 1,n = 0. Here f(m,n) = 6™ + 20 +2 = 6™ + 3.

If m > 1 then 3| f(m,n) =r? = 3|r = 3|r?, but 3)6™/3+1 #.

This leaves m = 1, for which we have f(0,1) = 6! 43 = 9 = 32, a perfect square.
m=1,n> 1. Here f(m,n) =6 +2" +2=2"+8.

If n > 3 then
22| f(m,n) =r? = 2%|r
- 24‘f(m,n),
but 2*|2" and 28 = 2/ f(m,n) #
Son < 3.

For n =1, f(1,1) = 2! + 8 = 10 is not a perfect square.

For n =2, f(1,2) = 22 + 8 = 12 is not a perfect square.

However, for n = 3, f(1,3) = 23 + 8 = 16 = 42 is a perfect square.

m > 2,n = 1. Here f(m,n) = 6™ +2! +2 = 6™ 4+ 4 = r2, so that 2m3™ =
r2—4=(r—2)(r+2).



Now r —2 # r 4+ 2 (mod 3). So 3™ divides either » — 2 or r + 2. Also, at least
one factor is even, but since they differ by 4, both must be even. Hence one
factor is at least 2 - 3™ and the other factor is at most 271, i.e.
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which is impossible.

Case 5: m >2,n > 2. Here 2| f(m,n) = 2|r? = 2|r = 2%| f(m,n).
With m > 2,n > 2 we have 4| 6™ + 2", so that 4 /6™ + 2" + 2 = f(m,n), so
that f(m,n) cannot be a perfect square.

So we have in all three solutions for (m,n) in the non-negative integers, namely (m,n) =

(0,0),(1,0),(1,3).

6. Decide whether or not there is a function f defined for all positive integers and taking
positive integers as values such that

FUM) =5 F(F@) =6, F(/3) =4, F(F@) =3, F(f(n) =n+2forn=5.

Solution. We require f : N — N such that

F(£(1)) =5, (1)
F(£(2)) =6, (2)
f(f(3)) =4, (3)
F(f4) =3, (4)
f(f(n)) =n+2forn=>5. (5)

Consider the following cases:
Case 1: Suppose f(3) = 1. Then

f)=f(f3)) =4, by (3)
f@)=f(f1) =5 by(@1)
f6)=f(f4) =3, by (4)
1=f(3)=f(f(5) =T74#, by (5).
S f(8) # 1.
Case 2: Suppose f(3) = 2. Then
f2)=f(f(3) =4, by (3)
f4)=f(f(2)) =6, by (2)
f6)=f(f4) =3, by (4)
2=f(3) = f(f(6)) =84, by (5).

o f(3) # 2.
Case 3: Suppose f(3) = 3. Then

o f(3) # 3.



Case 4: Suppose f(3) =4. Then

f)=f(f3) =4, by (3)
A=) =f(f(4) =34, by (4).

o f(3) #4.
Case 5: Suppose f(3) = k, for some integer k > 5. Then
f0=1(®) =4 by (3)
f@)=f(fk)) =k+2>7, by (5
k+m:fuu) =3, by (4)
f@) =f(f(k+2)=k+4#, by (5).

f(3) # k, for any k > 5.
Thus there is no function f : N — N that satisfies (1)—(5).

7. A necklace is made from an even number, n > 4, of beads, each of which is coloured red,
blue or green. There is an equal number of blue beads and green beads on the necklace. It
is impossible to cut the necklace into two separate strings such that each string contains a
positive even number of beads and such that each string contains the same number of blue
and green beads.

Find all the possibilities for the number of red beads on the necklace.

8. Let ABCD be a parallelogram. Suppose there exists a point P in the interior of ABC'D
such that ZABP =2/ADP and Z/DCP =2/DAP.

Prove that AB = BP = CP.

Solution.

Let ABCD be a parallelogram, such that, for a point P

inside ABCD, /ZABP =2/ADP and /DCP =2/DAP.

Construct line ¢ through A parallel to PB. A B
Construct line m through P parallel to AB.

Let @ be the point of intersection of ¢ and m. R Q
Then ABPQ is a parallelogram.

Also, QPCD is a parallelogram, since QP = AB = DC

and QP || AB || DC.

Since opposite angles of a parallelogram are equal,

/AQP = ZABP.

Extend PQ to R such that QR = QA. Then ARQA is isosceles.

-.ZARQ = ZRAQ
= %AAQP (LAQP is the sum of its interior opposite angles)
=1/ABP
=/LADP

*. angles at R and D standing on AP are equal.
.. APDR is a cyclic quadrilateral.
.. ZDRP = ZDAP (angles at circumference, standing on DP).
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Now,

/QDR = /PDQ — /DRQ
= /DCQ — /DAP (since ZDCP = 2/DAP)
= /DAP = /DRQ

L AQRD is isosceles, so that @) is the centre of the circumcircle of quadrilateral APDR.
Hence ABP(@ and QPCD are rhombi, so that AB = BP = QP = CP.
. AB = BP = CP, as required.



