AMIL

AUSTRALIAN MATHS TRUST

Australian Mathematical Olympiad
2019

DAY 1

Tuesday, 5 February 2019

Time allowed: 4 hours

No calculators are to be used.

FEach question is worth seven points.

1. Find all real numbers r for which there exists exactly one real number a such that when
(x4 a)(z® +rz+1)

is expanded to yield a cubic polynomial, all of its coefficients are greater than or equal
to zero.

2. For each positive integer n, the nth triangular number is the sum of the first n positive
integers. Let a, b, c be three consecutive triangular numbers with a < b < c.

Prove that if a + b 4 ¢ is a triangular number, then b is three times a triangular number.

3. Let A,B,C, D, E be five points in order on a circle K. Suppose that AB = CD and
BC = DE. Let the chords AD and BE intersect at the point P.

Prove that the circumcentre of triangle AFE P lies on K.

4. Let @ be a point inside the convex polygon Py Ps -+ Piggg. For each i =1,2,...,1000,
extend the line P;Q until it meets the polygon again at a point X;. Suppose that none
of the points X1, Xo,..., X1000 is a vertex of the polygon.

Prove that there is at least one side of the polygon that does not contain any of the
points Xl, XQ, ce 7X1000'

1
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AMIL

AUSTRALIAN MATHS TRUST

Australian Mathematical Olympiad
2019

DAY 2

Wednesday, 6 February 2019

Time allowed: 4 hours

No calculators are to be used.

Fach question is worth seven points.

5. A fancy triangle is an equilateral triangular array of integers such that the sum of the
three numbers in any unit equilateral triangle is a multiple of 3. For example,

1
0 2
5 7 3

is a fancy triangle with three rows because the sum of the numbers in each of the
following four unit equilateral triangles is a multiple of 3.

1 0 0 2 2
0 2 5 7 7 7 3

Suppose that a fancy triangle has ten rows and that exactly n of the numbers in the
triangle are multiples of 3.

Determine all possible values for n.

6. Let K be the circle passing through all four corners of a square ABC'D. Let P be a
point on the minor arc C'D, different from C' and D. The line AP meets the line BD
at X and the line C'P meets the line BD at Y. Let M be the midpoint of XY

Prove that M P is tangent to K.

7. Akshay writes a sequence aq, ao, ..., a19o of integers in which the first and last terms are
equal to 0. Except for the first and last terms, each term a; is larger than the average of
its neighbours a;_; and a;41.

What is the smallest possible value for the term ajg9?

8. Let n = 163" — 43" 4+ 1 for some positive integer r.

Prove that 2"~! — 1 is divisible by n.

1
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2019 AUSTRALIAN MATHEMATICAL OLYMPIAD SOLUTIONS

1. Answer r = —1
Solution 1 (Levi Pesin, year 9, Homeschooled, SA)
Expanding (z + a)(z?® + rz + 1) yields

2+ (a+r)2®+ (1 +ar)z +a.

Hence we seek all real numbers r such that there is exactly one real number a
satisfying the following system of inequalities.

a+r=>0 (1)
ar > —1 (2)
a >0 (3)

If » > 0, then any a > 0 satisfies the above inequalities. So this is no good.

If r <0, let r = —s for s > 0. The inequalities become

a>s (1)
i< (2)
a>0 (3)

Since inequality (3') automatically follows from inequality (1), we only need to be
concerned with inequalities (1') and (2'). These may be summarised as

1
s<a< -
s

. (4)

1

s°

However, there is exactly one value of a satisfying (4) if and only s =

Since s > 0, this implies s = 1 (and a = 1), and so r = —1. O
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Solution 2 (Eva Ge, year 10, James Ruse Agricultural High School, NSW)

As in solution 1, we seek all real numbers r such that there is exactly one real
number a satisfying the following system of inequalities.

a+r>0 (1)
ar > —1 (2)
a>0 (3)

Casel r< —1

Then (1) implies a > 1 while (2) implies a < 1, which is a contradiction. So this
case does not occur.

Case 2 r=—1

Then (1) implies a > 1, while (2) implies @ < 1. So a = 1, and this also satisfies (3).
Hence r = —1 is a solution.

Case 3 —1<r<0
We may write r = —s where 0 < s < 1. Thus (1), (2) and (3) become

a>s (1)
as <1 (2"
a>0 (3)

Since s < 1, any a satisfying s < a < 1 also satisfies (1'), (2") and (3’). Since there
are infinitely many such a, this case does not occur.

Case4 r>0
Any a > 0 satisfies (1), (2) and (3). So this case does not occur. O
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Solution 3 (Samuel Lam, year 11, James Ruse Agricultural High School, NSW)

As in solution 1, we seek all real numbers r such that there is exactly one real
number a satisfying the following system of inequalities.

a+r>0 (1)
ar > —1 (2)
a>0 (3)

We graph these three inequalities as follows. In each case the shaded region denotes
the area defined by each inequality:.

a a a
3 A A 3A

2 2
1 1 1

> > >

-3 -2 -1 1 2 3 =) =2 =il 1 -3 -2 -1 1 2 3

-2 —2 -2
-3 -3 -3

The intersection of the shaded regions denotes the region where all three inequalities
are true.

For any vertical line passing through a value of r on the horizontal axis, each point
on such a vertical line in the shaded area yields the corresponding values for a
satisfying the required inequalities. Hence we seek the vertical lines which have
exactly one point in common with the shaded area. The only such place is the
indicated intersection point. This satisfies a +r =0, ar = —1 and a > 0.

Substituting » = —a into ar = —1 yields a = £1. Since a > 0, we have a = 1. And
since r = —a, it follows that r = —1. O
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2. Solution (Lucinda Xiao, year 12, Methodist Ladies’ College, VIC)
The formula for the nth triangular number 7, =14 2 + --- 4+ n is given by

T, — @ (1)

Suppose that a, b, c are three consecutive triangular numbers, where b = T},. Then
a=T,—nandc=1T,+n+1, and so

a+b+c=3T,+1.

We are given that a+b+c is equal to a triangular number, say T,,. Using formula (1),

we have
3n(n+1) 1= m(m + 1)
2 2
& 3n(n+1)=m?+m—2
=(m—1)(m+2). (2)

Therefore (m — 1)(m + 2) is a multiple of 3.
Since m — 1 and m + 2 differ by 3, it follows that m — 1 is a multiple of 3 if and

only if m + 2 is too. Hence m — 1 is a multiple of 3 and we may write m — 1 = 3k
for some positive integer k. Putting this into (2) yields
3n(n+1) = 3k(3k + 3)
n(n+1) 3« k(k+1)'
2 2
Thus b = 3T}, as required. [l
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3. Solution 1 (Elizabeth Yevdokimov, year 10, St Ursula’s College, QLD)
Let O be the circumcentre of AAEP. Let x = ZEAP and y = ZPFA.

Since the angle at the centre of a circle is twice the angle at the circumference, using
the circle centred at O, we have ZEOP = 2x and ZPOA = 2y. It follows that

LEOA =2z + 2y. (1)

In a circle, equal chords subtend equal angles. We apply this twice to circle K as
follows. Since AB = C'D, we have Z/DAC = /ZBEA = y. And since BC' = DFE, we
have Z/CAB = Z/FAD = x. It follows that ZEAB = 2x + y. From the angle sum
in AABE, we deduce that

/ABE =180° — /EAB — /DEA = 180° — 2z — 2y. (2)

Comparing (1) and (2), we see that ZEOA + ZABE = 180°. Therefore ABEO is
cyclic, and so O lies on K. O
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Solution 2 (Preet Patel, year 12, Vermont Secondary College, VIC)
Since ABC'D is cyclic with AB = CD, it follows that ABCD is an isosceles trapez-
ium with AD || BC. Similarly BCDE is an isosceles trapezium with CD || BE.
Consequently BCDP is a parallelogram due to its opposite sides being parallel.
Hence

BP=CD=BA and DP=CB=DEFE.
Hence triangles BAP and DEP are isosceles with bases PA and PE, respectively.

Let O be the midpoint of arc FA on K such that O lies on the opposite side of AF
to points B, C' and D. It follows that OB bisects ZABFE, that is, ZABP.

Since AABP is isosceles with base PA, we see that OB is also the perpendicular
bisector of PA. Similarly, OD is the perpendicular bisector of PFE. It follows that
since O is the intersection of the perpendicular bisectors of two sides of AAFEP, it
is the circumcentre of that triangle. O
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Solution 3 (Sharvil Kesarwani, year 12, Merewether High School, NSW)

Let O be the point on K such that C'O is a diameter of K. Note that OA 1. AC and
OF 1L EC.

In a circle, equal chords subtend equal angles. Since C'D = AB, we have
/PAC = /DAC = /BEA = /PFEA.

By the alternate segment theorem, we see that C'A is tangent to circle AEP at A.
Similarly, since BC' = DFE, we have

/CEP=/CEB=/FEAB = /ZFAP

and so C'E is tangent to circle AEP at E.

The centre of circle AEP is the intersection of the perpendicular to AC through A
and the perpendicular to EC through C. But O is the intersection of these lines.
Hence O is the centre of circle AEP. O
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4. Solution 1 (Andres Buritica, year 10, Scotch College, VIC)

The diagonal ¢ = P, Psg; splits the polygon into two halves. Since ) does not lie
on ¢ (otherwise X; = Psg; which is not permitted), it lies strictly inside one of these
halves. Without loss of generality we may assume that @) lies inside P Ps ... Pso;.

Orient the original polygon so that ¢ is horizontal and so that P, ..., Pspo and @

lie below ¢. Note that 500 edges of the polygon lie on each side of /.
Pogg ———~7" """ T T~ Pyp

Pioog Psoo

Py 7 P51
Q

P, Pspp

Py - ___ -7 Pag

Each of the rays P501Q, Psg2@Q, . . ., Piooo@, P1Q intersects £. Therefore they intersect

the polygon for a second time below ¢. So the 501 points X501, X502, - -

: 7X10007 Xl

all lie below . Hence at most 499 of the X; lie above ¢. But 500 edges of the polygon
lie above £. So at least one of these edges does not contain an X;, as required. [
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Solution 2 (Eva Ge, year 10, James Ruse Agricultural High School, NSW)

Colour each of the points P; blue, each of the points X; red, and each of the segments
P, X; black. Hence there are 1000 blue points, 1000 red points, and 1000 black
segments, and each black segment has one endpoint blue and one endpoint red.
Also note that the 1000 black segments account for each of the coloured points
exactly once.

Suppose, for the sake of contradiction that each side of the polygon contains a red
point. Since there are exactly 1000 sides and 1000 red points, this implies that each
side contains exactly one red point.

Let us relabel the coloured points as follows. Choose any blue point and relabel it as
Aj. Then walk around the perimeter of the polygon labelling the coloured points in
the order that they are encountered. In this way all the coloured points are labelled
Ay, Ag, ..., Asgoo. Moreover the blue points are A;, Az, As, ..., Aiggg.

Let A; A be the black segment containing A; as an endpoint. Since A; is blue, we
know that Ay is red. This segment contains (). Moreover all the other black segments
also contain Q).

It follows that there are equally many A; on each side of the line A; Ag. Therefore
k = 1001. But since 1001 is odd, Ajgp; is blue, which is a ontradiction. [l
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Solution 3 (Frank Zhao, year 12, Geelong Grammar School, VIC)

Since there are 1000 points X; and 1000 sides of the polygon, it suffices to prove
that one side contains at least two of the X;.

For any convex polygon with an even number of sides we define a butterfly to be the
region formed by the two triangles cut out by a pair of consecutive main diagonals
of the polygon. If ) lies inside a butterfly, then it is easy to see that the conclusion
of the problem is true since a line that enters a triangle must exit it somewhere.

It suffices to prove that for any polygon with an even number of sides, the union of
all its butterflies covers the entire polygon. We shall prove this by induction.

The base case of a convex quadrilateral ABCD is trivial since the two butterflies
CABD and CADB neatly cover the entire quadrilateral.

For the inductive step, suppose that for some even integer n > 4, every convex
n-gon is contained in the union of its butterflies. Consider any convex polygon P
with n+ 2 sides. Let C'Z be a main diagonal of P. Consider the main diagonals AX
and BY that are consecutive to C'Z. So AC and C'B are consecutive edges of the
polygon, as are XZ and ZY. Also let AX meet BY at O. Orient P so that C'Z is
horizontal and O is on or above C'Z. By relabelling A <+ B and X < Y, if necessary,
we may assume without loss of generality that B and X are also above CZ. Let
CZ meet AX and BY at M and N, respectively. So with the given orientation of
points, C', M, N, Z lie in that order on CZ.

B

A Y

Consider the convex n-gon P’ obtained from P by chopping off triangles ABC' and
XY Z. By the inductive assumption, the union of the butterflies of P’ covers P’.
Except for butterfly X ABY, each butterfly of P’ is also a butterfly of P. Replacing
butterfly X ABY with butterflies XACZ and ZC'BY', we see that the butterflies
of P completely cover P. This completes the induction and the proof. O
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Solution 4 (Angelo Di Pasquale, Director of Training, AMOC)

Define a butterfly as in solution 3. As in solution 3, it suffices to prove that Q lies
inside a butterfly.

For any directed line 1—4_5 , we define its positive side to be the half-plane of points X
such that 0 < ZBAX < 180°. We also define its negative side to be the half-plane
of points X such that 180° < ZBAX < 360°. In both cases, the angle is directed

anticlockwise modulo 360°.

Without loss of generality, suppose that @) lies on the positive side of the directed line
P, P5y1, where we consider all subscripts modulo 1000. Then @ lies on the negative
side of the directed line Psg; P;. Hen@,_) there exists an integer ¢ with 1 < ¢ < 500 such

that @ lies on the positive side of P;P; 500, but on the negative side of P,y 1P; 501
Thus, @ lies inside the butterfly defined by P;P;, 500 and Pi11 P;i501- O

P

Pi 501 Piy500
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5. Answer n =0, 18, 19 and 55
Solution (Mikaela Gray, year 10, Brisbane State High School, QLD)

Consider the four numbers in any two unit equilateral triangles that share a common

edge as shown in the diagram.
a

b ¢
d

Since a+b+c=0=b+c+d (mod 3), it follows that d = a (mod 3). Starting with
the top two rows as being given by

this implies that if we reduce the entries of the entire triangle modulo 3, it takes the
following form.

a b ¢c a b ¢c a b ¢ a

Note that a, b and ¢ occur 19, 18 and 18 times, respectively, in the triangle. Also
since a + b+ ¢ = 0 (mod 3), we see that either a = b = ¢, or a,b,c are equal to
0,1,2 in some order. The following table exhibits all the possibilities along with the
corresponding values of n.

3

— o
© @ 2@ &

— =
oo ©o

O R O N~ NN~ OO
— —
(0.¢] Nej

NN~ R O O N B~ OQ
O N O DN =N = O

—
oo

Hence the answers are n = 0, 18, 19 and 55. U
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6. Solution 1 (Grace He, year 11, Methodist Ladies’ College, VIC)

Y

Since O is the centre of the circle, we may let Z/OPA = Z/PAO = x.

Since the diagonals of a square are perpendicular, using the angle sum in AOAX
and the fact that vertically opposite angles are equal, we deduce that

IMXP=/0XA=90°—z.

Since M is the midpoint of XY and ZXPY = 90°, it follows that M is the circum-
centre of AXY P. Thus
MX =MP=MY.

Therefore
XPM=/MXP =90° — z.

Consequently
ZOPM = ZOPA+ ZXPM =z + (90° — z) = 90°.

Thus MP is perpendicular to the radius OP from which it follows that M P is
tangent to the circle at P. 0
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Solution 2 (Claire Huang, year 11, Radford College, ACT )

Our plan is to prove that ZAPM = ZACP because then the result will follow by
the alternate segment theorem.

Since diagonals of a square are perpendicular, we have ZXOC = 90°. Also the
diagonals of a square intersect at the square’s circumcentre. Thus AC' is a diameter
of circle ABCD, and so ZCOPA = 90°. It follows that XOCP is cyclic because
/ZXO0C =ZCPX = 90°.

Y

Next we observe that since ZX PY = 90°, it follows XY is the diameter of the circle
through X, P and Y. Hence M is the centre of this circle, and so

MX =MP = MY.
It follows that

LAPM = /Z/XPM
— /MXP (MP=MX)
=/Z0CP (XOCP cyclic)
= LACP

as desired. O
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Solution 3 (Hadyn Tang, year 10, Trinity Grammar School, VIC)

The cyclic quadrilateral ABC'D is harmonic because AB - CD = BC - DA. From
properties of harmonic quadrilaterals, the lines PA, PB, PC, PD form a harmonic
bundle. Hence the intersections of these lines with any other line result in four har-
monic points. In particular, intersecting PA, PB, PC, PD with the line BY yields
that B, X, D,Y are harmonic.

Y

Since M is the midpoint of XY and B, X, D,T are harmonic, a well-known calcu-
lation implies that

MX-MY =MD - MB. (1)

Just the same, we show how to derive (1). Let MD = a, DX = b and XB = c.
Since M X = MY, we have MY = a + b. Since B, X, D,Y are harmonic in that

order we have

DX -YB=YD-XB
b(2a 4 2b+ ¢) = ¢(2a +b)
2ab + 2b* + be = 2ac + be

ab+b* = ac
a® + 2ab + b* = a® + ab + ac
(a+b)?=ala+b+c)
MX -MY =MD -MB

te e

as claimed.
Since MP = MX = MY it follows that

MP?>=MD-MB

from which it follows that M P is tangent to IC at P. U
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7. Answer 729
Solution 1 (James Bang, year 12, Baulkham Hills High School, NSW)

Since the a; are integers, we have a,, > %(an,l + an41) if and only if

0> 1o L 1)

From this, since a; = 0, we see that ay > % + .
a3
ol

1
Using this and (1), we find a3 > “2“‘4“ > 2t 2+a4+ which implies a3 > 1 + %

3(15

aztas+1 ~ 1+254 +as+1
2

> ) . which implies ay > 2 5 T+

Similarly we have ay >
This leads to the following lemma, which we prove by induction.
Lemma 1 Forn=1,2,...,99 we have

n—1 (n—1au
- 2 n

Proof The base case n =1 is trivially true since a; = 0.

Qn

For the inductive step, suppose that a, > "T’l + % for some positive integer

n < 98. Then using (1) and the inductive assumption, we have

(n=1)an41
ap + Gpao + 1 —+—+an +1 n+1 n—1)a, an,
(py1 > +2 > +2 _ +( ) +1 Ont2
2 2 4 2n 2
It follows that
m+Dap1 - n+1  apyo NGy 42
> = n
o — 4 T2 Ont1 2 2+n+1
This completes the inductive step and the proof of lemma 1. 0

Next, since ajgo = 0, using lemma 1 for n = 99, we have agg > 49.
Using this and lemma 1 for n = 98, we deduce ags > % + 2242 = 97

Applying the same process for n = 97 and 96, we deduce agy > 48 -3 = % and
ags > 95-2 = %. This leads to the following lemma, which we prove by induction.

Lemma 2 For n =99,98,...,1 we have

(n —1)(100 — n)
: .

an 2

Proof The base case n = 99 has already been done. For the inductive step, suppose
that a,, > w for some integer n with 2 < n < 99. Then using lemma 1 and
the inductive assumption we have
>n—2+(n—2)an>n—2+(n—2)'w (n —2)(101 — n)
Ap—1 = = = )
! 2 n—1 2 n—1 2
which completes the inductive step and the proof of lemma 2. O
> @ —

Lemma 2 yields ajg = 729. To complete the proof it suffices to show that

an = w is a vahd sequence. We need to verify that a,.; > M that is,
n(99 — n) >><n—1x;M—n)_%<n+n§m_n)
2 2

But the RHS of the above is equal to M and so the proof is complete. [
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Solution 2 (Zefeng (Jeff) Li, year 12, Caulfield Grammar School, Caulfield, VIC)

Observe that n
a;—1 Q41
a; > % & Qi — a4 < A — Aj—q.

With this in mind, let d; = a;41 — a; for i = 1,2,...,99. We shall reformulate the
problem in terms of the d;.

The condition a; > %(ai,l + a;41) is equivalent to

di > dy > -+ > dgg. (1)

For each non-negative integer n with n < 99 we have

n

Zdi = Z(aiJrl — ;) = Gpy1 — A1 = Qny1. (2)
i=1

i=1

Consequently the condition a; = 0 is already accounted for because LHS(2) is an
empty sum when n = 0. The condition a;o9 = 0 is accounted for by

Zdi = 0. (3)

The problem may now be reformulated as follows.

Suppose that d; > dy > --- > dgg are integers whose sum is equal to zero.
Find the smallest possible value of d + dy + - - - + di5.

Case 1 dig <31
From (1) we have dyg < 30, dyg < 29, ..., dgg < —50. So from (3) we deduce

18 99 —-50
, 30 + —50)(81
alQZZdi:—ZdiZ—ZZZ—( 5 )8 _ g0,
=1 1=19 1=30

Case 2 dig > 32

Let d = 32 4 e where e is a non-negative integer. From (1) we have di7 > 33 + e,
dig > 34+e, ..., d; > 49+ e. Therefore

18 49

32 + 49)(18

ag=>» di>Y ite= (+—2)()—|—1862729+1862 729.
=1 1=32

Thus in all cases a9 > 729.
Finally we observe that 729 is attainable when d; =50 — ¢ for i =1,2,...,99. [
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Comment
How might one determine that dig = 32 is the critical value? One way is as follows.
With dlgzdwehave dlg Sd—l, d20 Sd—Z, ey dgg Sd—gl Hence

18 99
a9 = di=-> di>—(d=1)—(d—2)—-— (d—81) = —81d + 3321.
=1 =19

We also have di7 > d+1,dig >d+2,...,dy >d+ 17 so that

18
ag=Y d;>d+(d+1)+(d+2)+ -+ (d+17) = 18d + 153.

i=1

The place where the minimum value of a9 occurs is at the intersection of the two
lines y = —81x + 3321 and y = 18x + 153. It is a simple matter to compute that the
the intersection point is (32, 729), which corresponds to d = 32 and a9 = 729.

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
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Solution 3 (Hadyn Tang, year 10, Trinity Grammar School, VIC)

Step 1 Define the sequences A; and b;.

Define the sequence Ay, As, ..., Agg by the formula A; = 50 — 4. Then let b, = 0
and b1 =b; + A; fori=1,2,...,99. Note that

bioo =b1 + A1+ Ao+ + ANgg =0+49 + 48 + - - - + (—47) + (—48) + (—49) = 0.

Step 2 Show that a9 = 729 is possible using the b;.
Observe that if a; = b; for i = 1,2,...,100, then

Ai—1 + Giq1

5 <a; < Q41— <a;— a1 -~ Az < Ai,1

which is clearly true. Moreover a; = a;90 = 0 and

(18)(32 + 49)

Step 3 Show that a9 < 729 is impossible by showing that a; > b; for all i.
Let ¢; = a; — b; for i = 1,2,...,100. Note that ¢; = ¢j90 = 0. Also observe that

5(aic +ai) <
Gip1 — A < Qi — Qi1
bip1+ Ciy1 — by — ¢ < bj +¢; — by — ¢y
Civ1 — Ci + Az < cCc—Ci_1+ Ai—l

Gi—Cc1t+t1<ci—q¢

G

Cit1 — C < ¢ — Ci—1 (1)

because the ¢; are integers.

For each i, inequality (1) inductively implies that

cp — 1 < c; —ci—q forall k> 1. (2)

Suppose, for the sake of contradiction, that at least one of the ¢; is negative. Let ¢
be the smallest positive integer such that ¢; < 0. Note that ¢ > 2 because ¢; = 0.
Hence ¢;_1 > 0 and so ¢; — ¢;_1 < 0. It follows from (2) that ¢, — cx—; < 0 for all
k > 1. Consequently cigg < cgg9 < - -+ < ¢; < 0, which contradicts ¢199 = 0.

Hence we have shown that ¢; > 0 for each ¢. Thus a; = b; + ¢; > b; for each i. In
particular we have a9 > b9 = 729. ]

Comment

It is straightforward to compute that

bn:iAi:2(50_i): (50—1+50—2(n—1))(n—1) B (n—l)(2100—n)

for each positive integer n < 100.

The above proof shows that for each i, the sequence a,, = b, is the unique sequence
that minimises a;. Thus the sequence that minimises any particular one of the a;
just happens to minimise all of the a; simultaneously.
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8. Solution 1 (James Bang, year 12, Baulkham Hills High School, NSW)

For any positive integer x we have

-+ 12 +1 2% -1

Applying this for x = 43", since n = 22 — z + 1, we have
n| (40 —-1 o 2% -1
Thus it suffices to show that
243 2nt — 1. (1)

For any positive integers y, a,b with a | b, we have

y =11y’ —12

Applying this to (1), since n — 1 = 4% (43" — 1), it suffices to show that
43143 (4% —1).
Clearly 4 | 4% so it suffices to show that 3771 | 43 — 1 =2%3" — 1.
From Euler’s theorem we have
2¢3™) =1 (mod 3"+

where ¢ is Euler’s totient function.

Since p(371) = 2.3, it follows that 3" | 223" — 1, as desired. O

IThis is because 26 — 1 = (2% +1)(2® — 1) and 2® + 1 = (2 + 1)(2® — 2 + 1).
2This is because if we write b = acand z = y%, then z— 1] 2 —las2¢—1 = (z—1)(2°7 1+ 272 ... +1).
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Solution 2 (Grace He, year 11, Methodist Ladies’ College, VIC)

Since n = 2*3" — 223" 4 1 is odd, for any positive integer m > 12 - 3" we have

2m =1 (mod n)

=2%% 2 (mod n)

& I =1 22 (mod n)
= 2% (mod n)

& Tt = (mod n)
= 22 1 2% (mod n)

& MY = 1402 (mod n)
=2+ (mod n)

& omTIEY = (mod n).

Applying the above inductively, we see that n | 2™ — 1 if and only if n | 2m~F123"
where k is any integer such that m > k-12-3". In particular if 123" | m, then such
a k exists, and this would imply that n | 2™ — 1.

We apply this to the case m = n — 1 = 43 (4% — 1). Thus it suffices to show
that 12 - 3" | 43" (4% — 1). Clearly 4 | 4%, therefore it only remains to show that
371 43" — 1. We proceed by induction on r.

By inspection, the base case r = 0 is true.

For the inductive step, suppose that 3"*! | 4% — 1 for some non-negative integer r.
Then using the factorisation for the difference of two perfect cubes, we have

A= (4 - 1) ((4¥)? + 47 4 1).

By the inductive assumption, the first factor on the RHS is divisible by 3"1. So it
suffices to show that the second factor is divisible by 3. However this is true because

AP +4" +1=01)P2+1" +1=3=0 (mod 3). O
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Number of
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0 13

1 4

2 3

3 6

4 3

5 4
6 10
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4.3

38
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4.5
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4
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