MATHEMATICS OLYMPIAD TRAINING SESSIONS

2002 Senior Mathematics Contest Problems with Some Solutions

1. Find all solutions of the following system of equations:

1 X2 €3 21001

_ — - = 1
.171—{—]_ ZL‘2+3 l’3+5 $1001+2001 ( )
X1+ T+ -+ T1o01 = 2002 (2)

Solution. First observe that

x; = 0 for some i = x; =0 for all ¢, by (1)

= w1+ 22+ -+ z1901 = 0, contradicting (2)
. x; # 0 for all 4.

Therefore, the reciprocals of the expressions in (1) are equal, i.e.

(1) . 1+ 1 _ To + 3 _ 1001 + 2001
1 T2 21001
1 3 2001
= =...= , subtracting 1 from each equated expression
T T2 1001

xT; = (2i — 1)%1

1001 = 2001$1
= by (2),

2002 = (1434 --- +2001)z;

= 10012z, since sum of the first n odd numbers is n?

21 = 2/1001
2 6 2(2i — 1) 4002
Y= 100007 100170 1001 9 T 001

And the solution is unique.



2. Determine all z,y € N such that
2!+ 24 = o (%)

Solution. Consider cases according to the values of x.
Case 1: > 6. Then

zl=--.3..-6--- is divisible by 32
but 24 = 23 - 3 is only divisible by 3
= 3 is the highest power of 3 that divides LHS(x)
—> LHS(%) is not a square 4

x < 6.
Case 2: = 1. Then 1! + 24 = 25 = 52 = (1,5) is solution.
Case 3: x = 2. Then 2! 4 24 = 26, (not square)
Case 4: © = 3. Then 3! 4+ 24 = 30, (not square)
Case 5: © = 4. Then 4! 4+ 24 = 48, (not square)
Case 6: = 5. Then 5! + 24 = 144 = 122 = (5,12) is solution.
Therefore, the only solutions (z,y) € N? of (x) are: (1,5) and (5,12). O

3. For each pair (k,¢) of integers, determine all infinite sequences of integers a, as, as, . ..
in which the sum of every 28 consecutive numbers equals £ and the sum of every 15
consecutive numbers equals /.

4. Determine all functions f that have the properties:

(i) f is defined for all real numbers,

(i) ()] < 2002 < | (yi - ‘Zf @\ for all 2,y with = £ 1.



5. For AABC, let D be the midpoint of BC', /BAD = ZACB and Z/DAC = 15°.

Determine ZACB.

Solution.

A

D-\'

B/

Construct K = circumcircle(ADC')
Then LZACD = “angle on chord AD in K”
= “angle between AD and AB”

.. AB is tangent to K at A, by
(converse of) Tangent-Chord Th.

Let O = centre(K)
Then ZDOC =2/DAC
=2-15°
= 30°
Let B’, D’ be feet of perpendiculars
dropped from B, D resp. to OC

/
Then ll)jg = sin 30°
—1
2
DD' = ;DO
BC =2DC
BB' =2DD'
= DO
= AO
ZBB'O = 90°
= /BAO
BO = 0B

. ABB'O =2 ABAO, by RHS

. ABB'O is a parallelogram with a rightangle
. ABB'O is a rectangle

. LAOC =90°

- ZCAO = 1(180° — ZA0C), AAOC is isos.
= 45°
/BAC = /ZBAO — ZCAO
= 45°

;. LACB = ZBAD
=/BAC — ZDAC
= 45° — 15°
= 30°.



