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Note: Each contestant is credited with the largest sum of points obtained for three problems.

1. The area inside the circumcircle and outside the incircle of a regular 7-gon is equal to the
area inside the circumcircle and outside the incircle of a regular 17-gon. Prove that sides
of the polygons are equal. (3 points)

Solution. More generally, consider the area between the circumcircle and incircle of a
regular n-gon. Let r = OX be the inradius, R = OA be the circumradius and a = AB be
the side-length of the n-gon, as per the diagram.

Consider side AB of the n-gon; it is tangent to A T X B

the incircle at a point X, so that OX is a radius
of the incircle and OX | AB. So

OXA=0XB=90° since OX L AB R r /R
OA = 0B, radii of circumcircle
OX common

-~ AOXA= AOXB, by the RHS Rule o
- AX = BX = g

Hence, by Pythagoras’ Theorem applied to AOX A, we have (a/2)? +r? = R2.
On the other hand, the area between the incircle and circumcircle is given by:

TR? —mr? = n(R? — r?)
a2
= 77(5)

which only depends on a and does not depend on n.
Thus if we call the side-length of the 7-gon a7 and the side-length of the 17-gon aq7, then

we are given that
ar\2 a 2
r(40)? = m(20)

so that as a consequence a% = a%7, and hence a7 = a7 since they are both positive. Hence
the sides of the 7-gon and 17-gon are equal.

2. Ann draws a circle and represents each of her friends by a chord in this circle. If two of
her friends know each other they are represented by chords which intersect inside or on
the circle. If they do not know each other, they are represented by chords which do not
intersect inside or on the circle. Ann believes that it is always possible to do so. Is she
right? (5 points)



3. In the 3 x 3 square below, the sums of the three numbers in each row, in each column
and on each diagonal are all equal.

alb|c
dlel|f
glh|i
Prove that
(a) 2(a+c+g+i)=b+d+ f+ h+ 4e; (3 points)

Solution. Let the common sum of the rows, columns and diagonals be S. The if we
add the two outer rows and two outer columns we have 45, which is equal to twice
the sume of the centre column and centre row, i.e.

(a+b+c)+(g+h+i)+(a+d+g)+ (c+f+i)=4S
=2((d+e+ f)+(b+e+h))
Now subtract b+ h 4+ d 4 g from both sides and collect terms to get
2a+c+g+i)=b+d+ f+h+de

as required.
() 2(a®+ 4 ¢> +43) = 0> + &® + 3 + h3 + 4e. (3 points)

4. Three tangents to the incircle of an acute triangle are drawn, cutting off three right
triangles and leaving behind a hexagon. Determine the sum of the diameters of the
incircles of the three right triangles in terms of the inradius r of the original triangle and
perimeter p of the hexagon. (6 points)

5. A rectangular piece of wrapping paper is of area 2 and red on only one side. It is used to
wrap around a 1 x 1 square, without cutting, so that the square is completely wrapped
on both sides in red. Clearly the shape of the piece of wrapping paper can be a 2 x 1
rectangle or a v/2 x /2 square.

(a) Find a third possible shape of the piece of wrapping paper. (4 points)
rove that there exist infinitely many possible shapes of the piece of wrapping paper.
(b) P that th ist infinitely y possible shapes of the pi f wrapping pap
(3 points)
6. For any positive integer n, let
il
2 3 n o b,

An . . . .
where — is an irreducible fraction.

n
Prove that there exist infinitely many positive integers n such that b,.; < b,. (8 points)

7. The 52 playing cards of a standard deck are arranged face-up in a row. The order
is visible to the audience which includes an assistant of the magician, but not to the
magician himself. The assistant may name two cards and state how many other cards lie
in between them. What is the minimum number of statements that the assistant must
make so that the magician can deduce the relative order of the cards? (9 points)



