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Note: Each contestant is credited with the largest sum of points obtained for three problems.

1. A square board is divided by 7 lines, parallel to one side of the board, and 7 other lines,
parallel to another side of the board, giving 64 rectangular cells coloured black and white
like a chessboard. Distances between any two neighbouring lines are not necessarily equal,
so the cells can be of different sizes. However, the ratio of the area of any white cell to
the area of any black cell is not greater than 2. Find the maximum possible ratio of the
total area of all white cells to the total area of all black cells. (4 points)

2. Space is dissected into non-overlapping equal cubes. Is it true that for every cube another
one necessarily exists such that both cubes have a common face? (6 points)

3. There are initially N > 2 piles on a table, each consisting of a single nut. Two people play
a game in which each player in turn chooses two piles of nuts, for which the numbers of
nuts in the piles are relatively prime, and merges them to form one pile. The player who
makes the final move wins. For each N , find a winning strategy for one of the players, no
matter what the other does. (6 points)

4. Let ABCD be a non-isosceles trapezoid. Let a circumcircle of the triangle BCD and
line AC meet at the point A1, distinct from the point C. Points B1, C1, D1 are defined
similarly. Prove that A1B1C1D1 is a trapezoid. (6 points)

5. Let a1, a2, a3, . . . be an infinite sequence, where a1 = 1 and

an =

{
an−1 + 1 if god(n) ≡ 1 (mod 4)

an−1 − 1 if god(n) ≡ 3 (mod 4)

where god(n) is the greatest odd divisor of n. Prove that

(a) the number 1 appears infinitely many times in this sequence; (5 points)

(b) every positive integer appears infinitely many times in this sequence. (5 points)

(The first terms of this sequence are 1, 2, 1, 2, 3, 2, 1, 2, 3, 4, 3, . . . .)

6. Let P (x) be a polynomial with real coefficients such that P (m) + P (n) = 0 has infinitely
many solutions in integers m and n. Prove that the graph of y = P (x) has a centre of
symmetry. (9 points)

7. A test contains 30 questions, each question offering an answer of true or false. During an
attempt Victor can answer all questions and be told his number of correct answers. Can
Victor act in a way to guarantee knowing all the answers not later than

(a) after the 29th attempt (and pass all questions on the 30th attempt)? (5 points)

(b) after the 24th attempt (and pass all questions on the 25th attempt)? (5 points)

Victor doesn’t know any answer initially, and the test is always the same in all attempts.


