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Note: Each contestant is credited with the largest sum of points obtained for three problems.

1. Alex has some cookies sorted out into several boxes. He keeps records of the number of
cookies in each box. Serge takes one cookie from each box and puts them together on
the first plate. After that he takes one cookie again from each box that is still non-empty
and puts the cookies together on the second plate. He continues until all the boxes are
empty. Then Serge makes records of the number of cookies on each plate. Prove that
Alex’s records contain the same number of different values as Serge’s records. (3 points)

2. Solve the following system of equations, where the x; are real and n > 2:

VI + Ve + o+,

= VT2 +Vas+ -+ o

=Tn+ o1+ -+ 2,1 and
T1 — X9 = 1.
(3 points)

Solution. First observe that the square-root function is defined only for non-negative real

numbers. So we have
L1, L2253y > 0.

Squaring the first lot of equations we obtain

T4 2o+ Ty 4 2V (T2 4+ 2p)
= a1+ a2+ + T+ 2V Ta(23 4+ -+ 2y + 21)
= x4 To+ A T+ 2V @3(ws A+ Ty + T+ T2)

Cancelling the common expressions and then the common factor 2, and then squaring
again, we obtain

a:l(xg—l—---—l-aﬁn):$2(x3+"'+$n+$1) (1)
=a3(x4+ -+ xp + 21 + 22) (2)



Cancelling the ;29 common to both sides of (1), and rearranging we have
(xl —$2)($3+"'+l‘n) =0
3+ -+ x, =0, since 1 —x9 =1
Lr3=x4=---=x, =0, since a sum of non-negative

numbers is zero if and only if
each of the numbers is zero.

Substituting 3 = x4 = -+ = x, = 0 in (1) and (2) gives
T1T92 = 0 (3)

but x1 — x5 = 1 and zo > 0 implies

T =T + 1, since xt1 —xo =1
>1, since o > 0
S.xg=0and z =1, follows from (3).

So the system has exactly one solution namely
r1=1zr9=23="---=2, =0.

3. Let A1 A, ... Asp be a convex 30-gon inscribed in a circle of radius 2, such that the centre

of the circle lies inside the 30-gon. Prove that one can choose points By, Bs, ..., Bgy on

the arcs A1 Ay, Ay Az, ..., A3gA; respectively, such that the values of the area of the 60-gon

A1B1A3B; . .. A30B3y and perimeter of the 30-gon Ay A, ... A3 are equal. (4 points)
Solution.

Draw a radius from O perpendicular to AjAs
and let the point where the radius meets the

circle be B;. Let OB; and A;As meet at Ay
X. Then ANOA{As; and AB1A1A; have com-
mon base A1 Ao and corresponding perpendicular
heights OX and B; X, respectively. Represent
the area of a figure UV ... Z by (UV ...Z), then

By
(OAlBlAg) = (OAlAQ) + (BlAlAQ)

:%AIAQOX—i_%AlAQBlX
= % - A1As - OBy Y
= % -2+ A1 Ao, since radius OBy = 2 !
= A1 4
For convenience define A3 as an alternative label for A;, and define By, for k = 2,...,30
similarly to B, i.e. draw radii OBy L ApAg+1, for k = 2,...,30. Then the area of the
60-gon,
30 30
(A1B1A2B, ... A30B30) = Z(OAkBkAk—f—l) = ZAkAk-i-l
k=1 k=1

which is the perimeter of the 30-gon Aj As ... A3p. Hence for this choice of By, Bs, ..., Bsg,
the area of the 60-gon A1 B1AsBs ... A3gB3g is numerically equal to the perimeter of the
30-g0n A1A2 ce Ago.



4. Can an arithmetic progression of five distinct positive integers exist, such that the product
of the five integers is equal to the 2008"" power of some positive integer? (4 points)

Solution. We try an arithmetic progression of form x, 2z, 3x, 4z, 5x. which has product
z- 23z -4z - 5r =23 3. 525,
Observe that

2008 =3 (mod 5) and
4016 =1 (mod 5)

and hence the product will be the 2008 power of a positive integer if
1 — 9(2008-3)/5  3(4016-1)/5  5(4016-1)/5
_ 9101 3803 803

_ 9401 _ {5803

i.e. the answer is: Yes, since, e.g. the five positive integers

9101 5803 9402 15803 9401 3 15803 9404 5803 9402 3 15803

are an arithmetic progression with product
23 . 3 . 5 . (2401 . 15803)5 — 22008 . 154016 — 4502008
which is the 2008 power of a positive integer.

5. Several rectangles are drawn on some grid paper, their sides being along the grid lines.
Each rectangle consists of an odd number of small grid squares. No two rectangles have a
common small grid square. Prove that the rectangles can be painted in four colours such
that no two rectangles of the same colour have a common boundary point. (4 points)

Solution. Label the rows alternately 0 and 1, and likewise label the columns alternately
0 and 1. Thus each square is assigned a 2-digit label whose first digit is its row label and
whose second digit is its column label. In this way, the squares are assigned one of four
binary labels: 00, 01, 10, or 11.

Now a rectangle consisting of an odd number of
squares has horizontal and vertical dimensions (in

terms of number of squares) that are both odd. So 10111110111 l10111 110111

the corner squares have the same parity in both

the horizontal and vertical directions, and hence 00)01]00]01]00]0100)01

are assigned the same binary label. 10(11{10{11|10(11}10|11
Identify a different colour with each of the four bi- 00/01(00]01/00(01]00/01
nary labels, and colour each rectangle according to 10l11l10l11 10111 10111

the common label of its corner squares.

Two rectangles sharing a border in either the hor- 00/01/00]01/00/01]0001
izontal (resp. vertical) directions have corners on 10|11{10|11|10|11}10|11

rows (resp. columns) of opposite parity, and hence oolo1loolo1loolo1loolol

are coloured differently. Thus the rectangles can be
painted in four colours such that no two rectangles
of the same colour have a common boundary point.




