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Note: Each contestant is credited with the largest sum of points obtained for three problems.

1. A 7-digit code, consisting of seven distinct digits, is called good. Suppose the password
for a safe is a good code, and that the safe can be opened if an entered code is good and
a digit of that code and the corresponding digit of the password are the same at some
position.
Is there a guaranteed method of opening the safe with fewer than 7 attempts without
knowing the password? (4 points)

Solution. Yes. We claim that one of the following six codes will open the safe:

0123456
1234507
2345018
3450129
4501236
5012347.

(Observe that the first six digits are 0,1, 2, 3,4, 5 rotated, and that the last digit is merely
chosen so that each code is good.)

Suppose, for a contradiction, that none of these codes open the safe.

Then each of the first six digits are not any of 0,1,2,3,4,5, and hence must each be
members of {6,7,8,9}.

But then by the Pigeon Hole Principle (at least) two of the first six digits of the safe’s
passcode must be the same.

.. the safe’s passcode is not good, which is a contradiction.

.. one of the codes above opens the safe.

2. A closed broken line ABC'DEF, which consists of six pieces, is given in space. The
opposite pieces of the line are parallel (AB || DE, BC | EF, and CD || FA).

Given that AB # DE, prove that all pieces of the line lie in the same plane. (4 points)

Solution. Three non-collinear points determine a plane.

.. each of BCD and EF A determine planes.

Since BC || EF and CD || F A, plane BCD is parallel to EF A.

If these two planes coincide we are done. So suppose they do not coincide, and without
loss of generality, assume the planes are horizontal, with EF A above BCD.

Then, A and FE are at the same height above B and D, which implies, since AB || DE,
that AB = DFE, which is a contradiction.

So, in fact, the planes must coincide.



3. Do there exist a, b, c,d € N such that a® + b® + ¢ 4 d® = 1001907 (4 points)

Solution. Observe that
13 4+234+33+4% =100

and that
10019 = (1003%)3 - 100,
so that
a=1-100%
b=2-100%
c=3-100%
d=4-100%

are natural numbers satisfying
a® +b* + ¢ +d® = 100",

4. A point is chosen on each side of a regular 2009-gon. These points are vertices of the
2009-gon with area S. Each point is reflected with respect to the midpoint of the side
where that point lies.

Prove that a 2009-gon with vertices in the newly constructed points has the same area S.
(4 points)

Solution. Without loss of generality assume the sides of the regular 2009-gon are of length
1, and label its vertices in sequence A1, As, ..., Agog-

Now let the k™ vertex of the first new 2009-gon be of distance dj, from Ay.

Then the k' vertex of the second new 2009-gon is of distance 1 — dj, from Aj,.

For convenience, let dogig = di, let R be the area of the regular 2009-gon and represent
the size of each of its interior angles by 6.

Then the area of the first new 2009-gon is R minus the areas of 2009 small triangles; more

precisely,
2009

S=R— (3(1—dy)dpssin0)
k=1

On the other hand, the second new 2009-gon has area

2009

R— (3di(1 — dyy1)sinb).
k=1

Now
2009 2009 2009

Y de(l—diyr) = Z dy; — Z iy 1
k=1

2009 2009
= Z djy1 — Z didi41, since dag10 = di

2009

=Y (1 - di)dps.

k=1

So the area of the second new 2009-gon is also S.



5. There are two capitals, South and North, and some towns in a country. Some of them
are connected by roads, and some of the roads are tollroads. It is known that there are
not less than 10 tollroads on any route from the southern capital to the northern one.

Prove that all tollroads can be distributed between 10 companies in a way such that all 10
companies will have their tollroads on any route from the southern capital to the northern
one. (5 points)



