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Note: Each contestant is credited with the largest sum of points obtained for three problems.

1. Let a ∧ b denote the number ab. It is required to arrange brackets in the expression
7 ∧ 7 ∧ 7 ∧ 7 ∧ 7 ∧ 7 ∧ 7 to identify the order of operations (in total 5 pairs of brackets).
Is it possible to make two different bracket arrangements which give the same value?

(3 points)

Solution. Since
(am)n = amn = anm = (an)m,

we have, in general,

(n ∧ (n ∧ n)) ∧ n = (n(n∧n))n = (nn)(n∧n) = (n ∧ n) ∧ (n ∧ n).

Thus, for example, we have

((7 ∧ (7 ∧ 7)) ∧ 7) ∧ (7 ∧ (7 ∧ 7)) = ((7 ∧ 7) ∧ (7 ∧ 7)) ∧ (7 ∧ (7 ∧ 7)).

So, yes, it is possible to make two different bracket arrangements which give the same
value.

2. There are several points on the plane. No three of them lie on a straight line. Some of the
points are connected by line segments. It is known that any straight line that does not
pass through any of these points cuts an even number of segments. Prove that joining
each point there is an even number of segments. (4 points)

Solution. Suppose, for a contradiction, that there is a point A connected to an odd num-
ber of other points. Then there must be a second such point B, because each connection
involves two points. Take a line very close to AB, so that it does not pass through any
given point. This line cuts a segment connected to A, b segments connected to B and c
segments not connected to A or B where a + b + c is an even number. We now rotate
this line slightly so that A remains on the same side but B moves to the opposite side of
this line. Apart from possibly AB, this line cuts a segments connected to A, d segments
connected to B and c segments not connected to A or B. If A is connected to B, then
d− b is even, and the total count

1 + a + d + c = 1 + a + b + c + (d− b)

is odd. If A is not connected to B, then d− b is odd, and the total count

a + d + c = a + b + c + (d− b)

is still odd. In either case, we have a contradiction.
Thus there is an even number of segments joining each point.



3. For every positive integer n denote by O(n) its greatest odd divisor. Let x1 = a and
x2 = b be arbitrary positive integers. An infinite sequence of positive integers is given by
the rule

xn = O(xn−1 + xn−2),

where n = 3, 4, . . . .

(a) Prove that starting from some place in the sequence all terms will have the same
value. (2 points)

(b) How can you find that value knowing a and b? (2 points)

4. There are several zeros and ones written in a row. Consider pairs of digits in this row
(not necessarily neighbouring ones), such that the left digit is equal to 1 and the right
digit is equal to 0. Among these pairs let M be the number of pairs such that there is an
even number of digits (possibly none) between 1 and 0 of a pair while N be a number of
pairs such that there is an odd number of digits between 1 and 0 of a pair. Prove that
M ≥ N . (4 points)

5. Let X be an arbitrary point inside a tetrahedron. Through each vertex Vi of the tetrahe-
dron, draw a straight line that is parallel to the line segment that joins X to the centroid
of the face opposite Vi. Recall that the centroid of a triangle is the common intersection
point of its medians. Prove that the four straight lines, constructed through the vertices
of the tetrahedron in this way, are concurrent. (4 points)

Solution. [Needs a diagram.]
Let O be the centroid of the tetrahedron ABCD and G be the centroid of the face BCD.
Then O lies on AG, with AO = 3OG.
Let P be the point on the extension of XO such that PO = 3OX.
Then 4GOX ∼ 4AOP
∴ XG ‖ AP
By symmetry, the fixed point P lies on each of the four lines,
i.e. the lines are concurrent at P .
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